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Introduction
Distributed Estimation?

Distributed estimation

@ Energy limitation
@ Dynamic topology change
@ Link quality (wireless communication)

Low rate intersensor communication \
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Introduction

Types of WSN

WSN with FC
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Introduction

Distributed estimation framework

signal with noise

x[n] = f[n,©] + w[n]

Distributed estimation framework

Xk = fk(©) + wk

Only quantized versions of xj are
sent: my(Xx)

How to quantize observations
efficientely?
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Estimation Theory in a nutshell
Estimators

Estimators

@ Estimate unknown parameters given a sampleset
@ Function of sampleset: § = g(xy,. .., Xn)

@ Classification

o Classical/Fisher ET (e.g. ML, LS, BLUE)
o Bayes ET (e.g. MAP, MMSE)
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Estimation Theory in a nutshell
Assessing performance

Estimator Performance

Expected value: E{0} should be 6

Bias: b(0) = E{0} — 0

Variance: Var{0} should be small

MSE: mse(f) := E{(6 — 0)?} = Var{d} + b(d)?
Consistency: mse(f) — 0 for N — oo

@ MVUE: Minimum Variance Unbiased Estimator
@ CRLB: Cramer Ra6 Lower Bound

@ Efficient: attains CRLB
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Estimation Theory in a nutshell
The CRLB

Cramer Rao Lower Bound (CRLB)

CRLB | CRLB Il

If When the factorisation
din p(x; 0) aln o(x:
DL S p(x; 0
BTG} =0 PO) _ 1) (o) ~ 6)
then can be done, the the MVUE is
~ 1 1
Var{ol > — Do Varfdn —
g(x) Var
{ } _E{aggép} mvue = 9(x) Var{6} 1)

Fisher Information
I(9) measure of information content in sampleset
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Known pdf
Completely known pdf

Signal model

X = 0 + wy

@ Noise pdf: px(w) = p(w) Vk
@ p(w) known, e.g. ~ N(0,c?)
@ Fusion center estimates 6 from all xi
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Known pdf
Completely known pdf

The clairvoyant estimator

No bandwidth constraints (i.e. sensors can send real values to
fusion center)

L1 E
QZRZXk
k=1

2

Var(9) = %

@ Attains CRLB: MVUE
@ Variance scales with O (%)
@ Problem: nothing new ;-)
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Known pdf

Completely known pdf

Bandwidth constraint

Define a binary threshold for sensors. Use the output as
indicator variables.

@ Use 1 Bit per sensor: Ly = 1
1 Xk Z Tc

° mk(Xk):{o X <7
(o

@ my is bernoulli-distributed with parameter g = P(xx > 7¢)
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Known pdf
Completely known pdf

1 bit estimator |

Probability of seeing a one

q= P(Xk 2 Tk) = FW(TC — 9)

v

Inverting Fy,

0 =1.—F,'(q)




Bandwidth-Constrained Estimation in Wireless Sensor Networks
Known pdf
Completely known pdf

1 bit estimator I

Given all my observations, estimate q using the MLE:

s
=7 > m
p

x|

v

The 1 bit estimator

Using the invariance property, obtain

K

A 1

Ome = 7c — Fyy' (Kka>
1
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Known pdf
Completely known pdf

1 bit estimator |l

Alternatively, find by MLE by maximizing the log-likelihood:

kalnq (1 —mk)In(1 = q(0))

(observations i.i.d)
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Known pdf

Completely known pdf

Performance |
A P2 (76 — 6) -
var)> ¢ (== —oy) 50

Defining A := =2

_ 0221Q(A-)[1 — Q(A)]

S K e Ac

@ Performance is dependent on distance 7 — 6

@ Best performance when 7, = 0

@ Variance increase only 7

@ Problem: We need to know the unknown parameter
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Known pdf

Completely known pdf

Performance ||

The maximum

. 210?
Bmin = argmin B(6) = —
Bound on CRLB

Using the Chernoff bound:

2 e;((mﬁ—&))z
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Known pdf

Completely known pdf

Simulation results

o> = 05
0 = 1
e = 0+0=1.707
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Known pdf
Completely known pdf

lterative Estimator

T((;i) _ pli-1)

@ B(f) » ccasT—0—
@ Problem not unique to a particular estimator (CRLB)

@ The higher |©1 — ©5| the more difficult to select 7,
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Known pdf
Completely known pdf

Conclusion

Just one bit per sensor can be enough
O(#) remains valid

Problematic assumption: 7o = 0

Iterative calculation possible

Dynamic range gives the Q-SNR

pdf must be fully known (including variance)
Not for realistic scenarios
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Known pdf

Unknown parameters

Signal model

General

Xk = 0 + wy

pw(w; W) ¥ e R

o

Simplification

Only variance unknown:

Xk = 0+ oV

N
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Known pdf

Unknown parameters

Define two thresholds 7,

B, . (r1,00) =By fork=1,... K/2
T (r20) =By fork=K/2+1,...,K

1 Xk = Tj

e {1,2
0 xe<m ? {1,2}

mk(xk) = {

v

Bernoulli distributed q
{Pr{xk >mnl=F, Eﬂaf’; k=1,....K/2

7—270
ag

) Prixe >} =F, k=K/2+1,... K
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Known pdf

Unknown parameters

MLE of observations

o K2 o X
q1:Rka CIZZR Z My
k=1 K=K /2+1

v

The estimator

Solving nonlinear 2x2-mapping: (¢,0) — (g1, Q2):

Bue — Fr ' (@) — v (&)
Fr (@) — Fo ' (1)
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Known pdf

Unknown parameters

Performance

P(A)AZ T pe(A)AS |

gi(1—q1) N @(1—q)| . B(6)

~ 202 [ AjAy \?
> -
var() = (Az — Ay >

@ 3(0) is a linearcombination
@ Performance still O (1)
@ Q-SNR should be small
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Known pdf

Unknown parameters

L parameters

Fulti-8) S Xee(ty, =) =me=1
: X (-2, Tq) = M =0

Sir
e
Fro_g e
- 9) : X (1, ) = my=1
X X (o, 7) = M =0
T Sk
8 T

@ L+ 1 regions and groups

@ e.g. Gaussian mixture pdf

@ MLE can be found in closed form

@ performance penalty small when ~ is
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Known pdf
Vector Parameters in Gaussian Noise

Signal model

Xk = fk(@) + Wk

® wi ~ N(0,02) are known with pdf p(w) and ccdf Fy(w)
@ May change from sensor to sensor

o f :RPF =R

@ fx generally nonlinear
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Known pdf
Vector Parameters in Gaussian Noise

1 bit estimator |

As before:
. . 1 Xk > 7
@ Define 1 bit messages: my(xx) =

0 Xk <7k
@ my is bernoulli distributed, as before

@ gk = PI’Ob(Xk > Tk) = Fk(Tk — fk(@))
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Known pdf

Vector Parameters in Gaussian Noise

1 bit estimator I

The likelihoodfunction
Multiply their pdfs (samples i.i.d.):

K

L(©) =Y mkIngk+ (1 —mg)In(1 - gx)
P

And find

Oumie = arg max L(©)
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Known pdf
Vector Parameters in Gaussian Noise

Finding the MLE |

@ cannot be found in closed form

@ numerical solution

@ multimodal function

@ values close to zero

@ numerical ill-conditioning, e.g. saddle-points
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Known pdf

Vector Parameters in Gaussian Noise

Finding the MLE |l

L(©) is log-concave if
@ noise pdfs are log-concave
@ fy is linear

@ wy are log-concave

@ regions Ry := (7, o0) and Ry are halflines
@ R and R convex sets
@ gy and 1 — gx are integrals of wy
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Known pdf

Vector Parameters in Gaussian Noise

Performance |

CRLB scalar case: quantized vs. clairvoyant
1 F(r—0)[1 — F(7 - 0)]
=%~ pe-o

2

2

vs. Var(x) = lKU

p

Define equivalent noise powers:

_ Fr(mk = 5 (©))[1 = Fi(7k — 1(©))]
P P?(1x — &(©))

and

T
p = (p‘la"'apK)
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Known pdf

Vector Parameters in Gaussian Noise

Performance ||

Equivalent noise increase

Estimating a vector parameter increases noises with factor

xqmlzp N

Optimally setting thresholds 7 can lead to small penalty of

ol

s

2
27k

P =
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Known pdf
Vector Parameters in Gaussian Noise

Vector observations

Xk = fk(@) + Wy

v

@ wy must be white: C = 52l

@ C and C' positive definite

@ Cholesky factorisation: C~' = D'D
o w =Dw
°
°

Linear model: x = H® +w
Dx =DHO +Dw =x'=HO +w

A
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Known pdf

Vector Parameters in Gaussian Noise

Ex: Estimating a vector flow

Signal model

Xk =< V,N > +Wj = Vg Sin ¢+ V4 COS dy+ Wy

@ Place thresholds at

Tk = Vg SiN ¢ + V4 COS ¢k
@ p2 = (7/2)0?
@ Let gy ~U(—m,m)

°i:7r§2(N<§2 N(}2>
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Universal methods

Homogeneous Environments

Signal model

Xk = 0+ wy 9,Wk€[—U,U]

@ wj spatially uncorrelated, zero mean, unknown
@ channels are orthogonal and distortionless

Remember

@ BLUE 4 is optimal with mse 02/K
@ network scales lin. with sensors

A\
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Universal methods

Homogeneous Environments

The estimator

1/2 sensors quantize to 1-MSB, 1/4 to 2-MSB etc.

e mse < 4U?/K

e mse > U?/(4K)

@ FC required

@ network size K required
@ not isotropic
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Universal methods

Homogeneous Environments

Isotropic estimator

Better idea
Each sensor flips a coin with Pr(a=j) = aj = 5, j=1,...,00

Local messages are coded by

m(x,a) = [b(2U + x; a); a]

Message length

/(m(x,a)) =1+ [log, a|
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Universal methods

Homogeneous Environments

Set for each bit

sum up each bits per position

yi=bRU+x;j)+ > b2U+ xk; ax)
keN;

A — 2
0 =1fi(x,mx,a),..., m(x. &) = —2U+4U;1 N1
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Universal methods

Homogeneous Environments

@ mse <4U?/(i +1)

@ ad-hoc estimating

@ robust and isotropic

@ independent of noise pdf
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Universal methods
Inhomogeneous Environments

Signal model

Xk = 0 + wy

@ wy uncorrelated, zero mean, different variances
" —1 )
® BLUE: dsiue = (X4, %5) S ko1 % with
5 K 1\
mse(d) = (X )

@ |dea: Message related to local SNR

@ quantize more MSB
e send more bits
e different weighting factors
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Universal methods

Inhomogeneous Environments

Quantizing

Message length

My (Xk, ak, M) = > bi27"+ 2 Yby o
=

with Pr(a= i) =2~/
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Universal methods

Inhomogeneous Environments

Estimator

—1

K K
O=T(my,....mc) =3 22 ) >~ 22Mw(2m, — 1)
k=1

v

Performance

o5 (K 1\
mset) < 2 (31,
8 \io %
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Universal methods

Inhomogeneous Environments

Simulation |

005t —=— universal DES
el —e— BLUE estimator
3 -+ universal DES upper bound

. . N L overall lower bound
Asymptotic efficien Y

1
K
MSE - 3 )4 allg

MSE

asymptotic efficiency :=

V. %O 80 120 250 500 {OZ)D
K
Parameters . s
oy
S 08f
8
g
2
6 = 1 g0
2
g
V = 3 e
ool —=— universal DES

—e— BLUE estimator

U = 6 ~x- universal DES upper bound

overall lower bound

30 60 120 250 500 1000
K
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Universal methods
Inhomogeneous Environments

Simulation Il

Numer of bits

Mg +1 = ’]Oggﬂ—‘—f—'l
k

v

Average message length

My = {3.8,3.88,3.83,3.78,3.77,3.77}

K=30

100
80,
60,
40,

20

% 3 4 5 6

200/

150

100

K=60

.
2
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Universal methods
Channel-constrained Estimation

Power consumption

@ Each sensor Ly bits

@ Sensors to FC

e TDMA

e QAM with 2L« bits with pf

@ Distance di with pathloss exponent a: ax = di
@ sensor sampling rate Bg

Transmit power

P = Bs 2NNy Ggay (Iog (;)) (2t — 1)
b

/

Ex
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Universal methods
Channel-constrained Estimation

The optimal L

K 1/q
. (z Pz)
k=1

A\

Message length

opt w U] *
Lk (ak,ak):log 1 +‘77k ;k_ ) nozf(Do,ak,Uk)

v

@ threshold ng: Ly = Py if ax > ng
@ message length proportional to local SNR
@ scales by channel path gain
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Universal methods
Channel-constrained Estimation

Simulation

100 o 100 —M—— : . .
.
" \

o B 1 o %f h‘ 1
3 : 3 :
S 8 . 1 2 80 B
2] e % ‘I
2 7or B ] e 70t N : 1
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S 60 'y 1 S e \
] o M
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2 50 n > 50} *m; ]
8 LY o .
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o Bog ) .n
o g o ..
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Target MSE x 107 Normalized deviation of channel path losses



Bandwidth-Constrained Estimation in Wireless Sensor Networks
Universal methods
Bayes Estimation

MMSE

The MMSE

Buseld} = [ [0 07p(x.0)doax
_ /[/(9—9)2p(9\x)d«9 plx)dx

>0
. a/A »
0 = — [(0-0)p(0]x)do
55 ] @ —02p(el)

/ 0p(0]x) do = E{0]x}

D>
Il

=

Exhaustive numerical integration necessary!
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Universal methods

Bayes Estimation

Omap = arg max p(x|0)p(6)

@ no closed form

@ generalized maximum likelihood estimator
@ numerical maximization

@ MAP — MLE if K large

@ concavity?
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Universal methods

Bayes Estimation

The estimator

K
Omap = argmax | > _log Fu[hmy(0 — 1o)] +10g po(0)
k=1

= argmax L(9)

Concavity of Fy, and py(6)?

Performance?

N
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Other topics

Other topics

@ Distributed kalman filtering/target tracking

e Distributed estimating stochastic processes
e SOI-KF
e Target tracking

@ Information theoretic aspects
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